ABSTRACT. In this paper, we investigate the validity of an interesting theorem of Fan [3, Theorem 2] in cones. We prove that it is true for a continuous condensing map defined on a closed ball in cones. A more interesting case is that we prove that it is true on an annulus if suitable inner boundary conditions are posed. As applications of our theorems, some new fixed point theorems in the norm form are derived.
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In [3] , Fan proved a very interesting theorem [3, Theorem 1] ; its normed space version [3, Theorem 2] is stated as follows:
Let K be a nonempty compact convex set in a normed linear space X. For any continuous map f from K into X, there exists a point u in K such that \\u-f(u)\\=d(f(u),K).
Various aspects of this theorem have been studied by Fan [4] , Lin [10, 11] , Lin and Yen [12] , Reich [16] , and Sehgal and Singh [18] .
On the other hand, fixed point theorems in cones are very important in applications (e.g. the survey article by Amann [1] ), and have been investigated by many authors (e.g., Nussbaum [14] , Fitzpatrick and Petryshyn [5] , Krasnoselski [8] , Các and Gatica [2] , and others).
In this paper, we will investigate the validity of the above theorem for a continuous condensing map defined on a closed ball and an annulus in cones. As applications of our theorems, new fixed point theorems are derived. And we also generalize some recent results of Li [9] for the case of continuous condensing maps. Now we state some definitions and notations. Let X be a (real) Banach space. A nonempty subset P of X is called a cone if P is closed, and whenever x,y Ç. P and A, ß € R, A > 0, ß > 0, then Xx + ßyE P. We do not insist that P f) (-P) = {0} at this moment; we will make this requirement for cones later on. Set Pr = {xe P\ \\x\\ < r}, dPr = {x e P\ \\x\\ = r), PR = {xe P\ ||s|| < R}, dPR = {xeP\ \\x\\ = R}, Pr,R = {ie P\r < \\x\\ < R}, P~^r~ = {x€ P\r < \\x\\ < R}.
B(0,R) = {xeX\\\x\\<R}, 0<r<R.
Let S be a subset of X and x E S; we denote Is(x) by {x + c(z -x)\ for some z E S, some c > 0}, which is an inward set originally studied by Halpern in [7] . We note that S C Is(x). The definitions of condensing and fc-set-contraction maps can be found in [13] or [15] .
Now we state and prove our theorems. From [13, Corollary 1] ft is a continuous 1-set-contraction. Let F(x) = h(f(x)). Since P is a cone, we have Tr~ = B(0;R) n P and h: P -► B(0;R) n P. Therefore, F:Pr -► Pr. It is clear that F is a continuous condensing map. By [6] or [17] , there exists u in Pr such that F(u) = u.
For this u, we have
For each x E Pr, we have which contradicts the choice of u. Therefore u = f(u). It is clear to see that if / satisfies (ii), then it also satisfies (i). D REMARK. Theorems 1 and 2 are proved by the author [10] for a closed ball in a Banach space. Here we generalize these results to cones. Note so far that we have not required P n (-P) = {0}. Now we turn our attention to annulus in cones. We will prove that the above results are still true under suitable boundary conditions. We need the assumption that the norm ||x|| is increasing with respect to P. Hence, from now on, we require that P n (-P) = {0} in order to generate a natural order in P. THEOREM 3. Let f be a continuous k-set-contraction map (0 < k < 1) from Pr into P, and let the norm \\x\\ be increasing with respect to P. If ||/(x)|| > ||x|| forxEdPr, then there exists u in Pt,r such that
PROOF. Let h be the same as in Theorem 1. Then F(x) = h(f(x)):P~R-> Pr is a continuous fc-set-contraction map. We will show that F has a nonzero fixed point in Pr,R-From Li [9, Lemma 2] , it suffices to show that \\F(x)\\ < \\x\\, for x E dPR, and ||F(x)|| > ||x||, for x E dPr.
In fact, if x € ôPr, then x E P and ||x|| = R. Since F(x) E Pr, we have ||F(x)||<2?,i.e. ||F(x)|| < ||x||. PROOF. Let h be the same as in Theorem 1. Then F(x) = h(f(x)):PR -» Pr is a continuous condensing map. We will show that F has a nonzero fixed point in Take 6i = min{6,R/r -1} > 0. From Li [9, Theorem] , it suffices to show that ||F(x)|| < ||x|| for x E dPR, and ||F(x)|| > (1 + 6{)\\x\\ for x E dPr.
We note that Li's result is true for a continuous demicompact, 1-set-contraction map and we also note that a continuous condensing map is also demicompact and 1-set-contraction (e.g. [15, p. 321] ). In fact, if x € BPr, then x E P and ||x|| = R. Since F(x) E Pr, we have ||F(x)|| < R, i.e. \\F(x)\\ < \\x\\. (ii) If R < ||/(x)||, then h(f(x)) = 2i/(x)/||/(x)|| and ||F(x)|| = ||M/(x))|| -RSince R/r-l> ¿i, we have R > (1 + 6i)r. Therefore ||F(x)|| = R > (1 + 6i)r = (l + 6i)\\x\\. (i) for each x E ÔPr, with x ^ /(x), there exists y in P n Ip-(x) such that ||y-/(x)||<||x-/(x)||, or
(ii) f(x) E Ip-(x) for each x E ÔPr, then f has a fixed point in Pt,r.
PROOF. The proof is exactly the same as Theorem 4, except using Theorem 5 instead of Theorem 3. U Following the same argument as Corollary 1, we have the following COROLLARY 2. Let f be the same as in Theorem 5. Moreover, t/||/(x)|| < ||x|| for x E 8Pr, then f has a fixed point in Pr,R-REMARK. Li [9, Theorem] proved that Corollary 2 is true for a continuous demicompact 1-set-contraction map /.
